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Summary
Full waveform inversion (FWI) has the potential to produce accurate and high-resolution subsurface
structures of the Earth model from observed field data. However, many problems exist associated
with FWI that hinders its practical applications to large scale 3D geophysical inverse problems. In the
presence of complex surface topography, one of the main problems challenging the successful application of 3D FWI to land dataset is due to the high nonlinearity properties introduced by free-surface
effects as well as source and receiver representations in the grid and their signature estimations in
the numerical forward modeling.
For land areas with irregular surface topography, the efficiency and accuracy of subsurface model
reconstruction from FWI require the accuracy of numerical simulation of the seismic wavefield that
takes into account for effects of surface topography. The standard finite-difference scheme computing
seismic wave propagation in the earth implicitly assumes uniform structured grids and often provides
diffraction artifacts generated by the staircase irregular boundary surface. To avoid numerical artifacts
generates from the finite-difference approximation near the irregular topographic surface, we present
the ghost extrapolation method for estimating the values of the wavefield at and near the irregular
free surface. In addition to the ghost wavefield extrapolations, exact representations of source and
receiver locations in the numerical grid improve the estimation of acoustic velocity model by FWI.

Introduction
The main objective of full waveform inversion (FWI) is to produce high-fidelity velocity model at various scales from near-surface to global or to improve the accuracy of the velocity model employed by
the conventional seismic migration methods, such as reverse time migration, depth migration etc, to
produce depth images with reflectors in correct lateral and depth positions, and also achieves better
focus (Stekl and Pratt, 1998; Vigh et al., 2009; Virieux and Operto, 2009; Zhang et al., 2015).There
are many reasons why FWI is preferable over conventional velocity model building, where the conventional methods fail. Complex near-surface velocity structure in shallow areas has the potential for
large, rapid velocity variations due to many reasons, and conventional ray-based tomography methods will fail in particular if large near-surface velocity contrasts are present. 3D FWI on land seismic
datasets is very challenging due to the effects of near-surface heterogeneities on seismic reflections
(Lemaistre et al., 2018). For land areas with irregular surface topography, the efficiency and accuracy
of subsurface model reconstruction from FWI require the accuracy of numerical simulation of the
seismic wavefield that takes into account for effects of surface topography.
In numerical modeling of seismic wave propagation in the earth, one of the most common numerical
schemes for solving the wave equation is based on the finite-difference (FD) approximation. However, the FD scheme implicitly assumes uniform structured grids and encounters a problem in treating
the free and irregular topographic surface. For land FWI, accurate source and receiver location implementations are also essential. To avoid numerical artifacts generates from the FD approximation
near the irregular topographic surface, we have improved the FD scheme by incorporating Lagrangian
polynomial interpolation of wavefield values at and near the irregular free surface. Thus, diffraction artifacts generated by staircase finite-difference approximation from an arbitrarily irregular surface can
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be eliminated. The improved FD approximate scheme outside the irregular topography boundaries
takes into account ghost cell values, and a mirror flow extrapolation obtains their values.
In addition to incorporating the 3D interpolations of wavefield values at and near the topography
surface in the finite-difference approximation, source and receiver locations at the arbitrary position
are taking into account to their exact locations in FD schemes using Kaiser windowed sinc functions
(Hicks, 2002). The 3D FWI results show the combination of ghost wavefield extrapolation method
near and at the irregular topographic surface, and exact representations of source and receiver locations in the FD scheme improves both the resolution and accuracy of the reconstructed velocity
model by FWI. The use of ghost extrapolations near the irregular free surface in the numerical modeling eliminates artifacts generated by the staircase boundary. Hence, FWI achieves more accurate
and reliable results. In this paper, we present a 3D acoustic simultaneous-source time-domain FWI
results on the SEG/EAGE Overthrust velocity model to highlight our premises.

Theory
FWI aims to find the subsurface model by minimizing the least-squares misfit between the observed
dobs and modeled data dcal (m)

J(m) =

1
k dobs − dcal (m) k22 .
2

(1)

The minimization of the misfit function is a nonlinear problem in which, from observed wavefields,
one attempts to estimate the P-wave velocity model m. For synthetic modeling dcal (m), our work
pertains to seismic wave propagation in a three-dimensional (3D) acoustic medium. The 3D acoustic
wave propagation modeling is performed with a staggered-grid scheme using 2nd order in time and
4th order in space as
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where κ = ρv2 , ρ is the density of the medium, Vx ,Vy and Vz are particle velocities in x, y and z direction
respectively.The terms fx , fy and fz represent the source signatures in x, y and z direction respectively.
For any arbitrary source and receiver position, sources and receivers can be located at their correct
locations anywhere within the model in the finite-difference schemes using Kaiser windowed Sinc
Hicks (2002). A windowed Sinc function approximates accurate implementation of point source and
receiver at an arbitrary position in a coarse grid (Hicks, 2002)

sinc(x) =

sin(πx)
x

(3)

where for a point source x = (xg − xs ), and for a receiver position x = (xg − xr ); xg represents the
position of the grid nodes, xs represents the position of the source and xr represents the positions
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of the receiver. The finite impulse response filter of the point source and receiver, the Sinc function
is then tapered with a Kaiser window function to limit its spatial support (Hicks, 2002; Bergen and
Antoniou, 2005)
(

√

Io (b

W (x) =

1−(x/r)2 )
Io (b)

0

f or − r ≤ x ≤ r
otherwise

(4)

where r is the window half-width, Io is the zero-order modified Bessel function of the first kind, and b
is the parameter that controls the shape of a Kaiser window.
The irregular free surface topography for wave propagation at and near the topography surface
boundaries are into account explicitly into numerical computations by using ghost points above the
free surface. The solutions to Eqn.2 at and near the surface boundary require using the 4th order
finite-difference approximation requires the ghost cell values of points beyond the free surface. For
the 3D model, values at ghost points (mirror points) outside the modeling domain are obtained using
accurate polynomial interpolation method along each direction: x, y and z
n

P(x) j = y j

x − xk
,
k=0,k6= j x j − xk

∏

(5)

where P(x) is the Lagrange interpolating polynomial of degree ≤ (n − 1) that passes through the n
points (x1 , y1 = P(x1 )), (x2 , y2 = P(x2 )) ... (xn , yn = P(xn )).
The nonlinear 3D time-domain full waveform inversion aims to minimize the difference between the
observed and the synthetic data obtained from an initial model m0 by iteratively updating the model
in the direction of steepest descent of the misfit function J(m) as follows:

mk+1 = mk − αk ∇m J(mk ),

(6)

where αk is step length of the kth iteration (Nocedal and Wright, 2006).

Example
For 3D FWI, we use the SEG/EAGE Overthrust velocity model with topography, as shown in Figure 1a. Figure 1b is the smooth velocity model used as the starting model for the inversion. The
SEG/EAGE Overthrust velocity model was gridded onto a coarser grid of size 50 m by 50 m. Synthetic data were generated in a time-domain acoustic wave equation via a finite-difference approximation. For inversion, we used a total number of 1089 sources and 9801 receivers that are arbitrarily
placed. Sources and receivers are arbitrarily placed below the topography surface. To compute the
data, we used a source signature modeled by a Ricker wavelet with a 10 Hz central frequency.
For inversion, to speed up the 3D FWI computation, we use a source encoding technique. The source
encoding scheme contains 60 super-shots, and each super-shot includes 18 individual sources. To
mitigating the non-linearity in the FWI, the inversion is performed in a multiscale stage from low to
high frequencies data (Bunks et al., 1995). For inversion, we run the iterative process using multiscale approaches in the time domain with increasing frequency bandwidth (0.0-6.5Hz, 0.0-8.5Hz,
0.0-11.0Hz, 0.0-15.5Hz, 0.0-19.5Hz, 0.0-22.5Hz). For each frequency bandwidth, we run the inversion for a maximum of 25 iterations using a nonlinear conjugate gradient algorithm. To mimic the
measured wavefields, first, we computed observed data with free surface boundary conditions using
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Figure 1: SEG/EAGE Overthrust velocity model with topography (blue in the top). True velocity model
(a) and smooth velocity model used as the starting model for the inversion (b).

the exact source and receiver locations with the ghost interpolation scheme (see Figure 1a). Sources
and receivers are not necessarily placed on the numerical Cartesian grid nodes.
Figure 2a is the reconstructed velocity model by FWI with ghost extrapolation method when source
and receiver positions placed to their nearest grid nodes. Figure 2b is the reconstructed velocity
model with the exact implementation of the source and receiver positions, and without the use of
ghost extrapolation during modeling. Figure 2c is the reconstructed velocity model by FWI with the
accurate implementation of arbitrary source and receiver locations at their exact positions and with
the use of ghost wavefield value extrapolations near the free surface boundary. As we see in Figure 1c, the resolution of the retrieved model is substantially enhanced, and an accurate reconstructed
velocity model is achieved with the use of irregular free surface treatment and with exact representations of source and receiver locations in the numerical forward modeling.

Conclusion
In this paper, we present a 3D acoustic time-domain FWI suitable for land exploration. For land FWI,
the efficiency and accuracy of subsurface model reconstruction from FWI require the accuracy of
numerical simulation of the seismic wavefield that takes into account for effects of complex surface
topography. The standard finite-difference scheme computing seismic wave propagation in the earth
implicitly assumes uniform structured grids and often provides diffraction artifacts generated by the
staircase boundary. Accurate source and receiver location implementations are also crucial for the
successful application of 3D FWI to land explorations. In this work, to avoid numerical artifacts
generates from the finite-difference approximation near the irregular topographic surface, staircase
boundary treatment is implemented to handle the irregular free boundary in the computation domain,
which is discretized using a regular Cartesian grid. The ghost cell wavefield values beyond the
free surface are interpolated using an accurate Lagrange interpolation method in three dimensions.
In addition to the accurate implementation of arbitrary source and receiver locations at their exact
positions, the use of ghost wavefield value extrapolations at and near the free surface boundary in
the finite-difference approximation has shown a substantial improvement in terms of resolution and
accuracy of the reconstructed velocity mode by FWI.
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Figure 2: FWI results. (a) Reconstructed velocity model obtained by approximating source and receiver positions to its nearest grid nodes, and using the ghost extrapolation method. (b) Reconstructed velocity model using exact the source and receiver positions, and without ghost extrapolation
method. (c) Reconstructed velocity model using exact source and receiver positions, and using the
ghost extrapolation method.
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