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Summary 

6D interpolation combines the 5D minimum weighted norm interpolation (MWNI) with an 
additional dimension of angular weight (Aw) function which connects dipping data information 
across all frequency-wavenumbers.  This paper is to examine, in the most difficult situation of 
upsampling a spatially aliased complex structural data set with regularly missing traces, which 
are the determining factors for the success of 6D AwMWNI interpolation in data recovery – the 
Aw, or the MWNI engine, or both.  In three experiments, it is found that using both Aw and MWNI 
together attains the best result.  Using just the MWNI engine by itself fails for the most part of the 
result.  The surprise finding is that using just the Aw part by itself achieves the majority of the best 
result.      
 

Introduction 

Ever since the 5D MWNI method was introduced by Liu and Sacchi (2004) and Trad (2009), it 
has been widely used to interpolate and regularize 3D prestack seismic data.  It is essentially a 
data fitting by Fourier method.  Ng and Negut (2014, 2015, 2017) incorporated the Fourier-radial  
angular weight (Aw) idea into 5D MWNI and thus raising the dimension by one, so it becomes 6D 
AwMWNI interpolation.  Aw guides the a priori model along multi angular directions in the 
frequency-wavenumber domain.  Aw links data information across all frequency-wavenumbers 
globally. This is crucial to accurate de-aliasing of data and is missing in conventional 5D MWNI.            
 

Method 

For detailed derivations of MWNI and Aw, please refer to the above-mentioned papers.  Suppose 

d(f,x,y,h,g) is the desired complete 3D prestack data in 5D space: inline x, crossline y, offset x 

indicated by h, offset y indicated by g, and f  frequency; and its corresponding 4D spatial Fourier 

transform is D(f, kx ,ky ,kh ,kg).  Let 𝐷𝑖𝑛 be the input incomplete data, F  the spatial Fourier transform 

operator, T  the known diagonal sampling matrix for live and missing traces of the data.  The 

known observed input incomplete data is din = Td . 

 
Most interpolators, including MWNI, can be readily used to interpolate randomly missing traces 
that are spatially nonaliased.  At another extreme, most interpolators experience various degrees 
of difficulty in upsampling regularly missing traces for narrow rectangular bin or megabin that are 
spatially aliased with complex structural dips.   
 
MWNI works in the frequency-space domain, one-by-one frequency slice at a time without a 
global insight of the data.  In contrast, we use a multidimensional Fourier-radial angular weight 

gamma   that filters the known input incomplete data amplitude spectrum to get the a priori 𝐷0  at 
any point in frequency to initialize the MWNI inversion: 
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𝐷0(𝑓, 𝐤) = 𝛾𝑝[𝐹𝑇𝑑(𝑓, 𝐱)] = 𝛾𝑝[𝐷𝑖𝑛(𝑓, 𝐤)]             (1), 
 

where k = (kx ,ky ,kh ,kg);  x = (x, y, h, g);  p is an arbitrary non-negative power, usually 1 or 2, 

controlling the gamma   sharpness.  If either p = 0 or   = 1, there is no angular weight or global 

data insight, and equation (1) degenerates to the conventional form of 5D MWNI.  The angular 

weight gamma   has a uniform amplitude in the Fourier-radial direction and is defined as  
 

𝛾(𝑓, 𝐤) = 𝐴(𝛉)            (2), 
 

where 𝛉 = (𝜃𝑥, 𝜃𝑦, 𝜃ℎ , 𝜃𝑔).  A, a dip search indicator, is the normalized angular sum of the input 

data amplitude spectral values along the Fourier-radial direction of all usable apparent dip angles 
𝜃𝑖,   
 

             𝐴(𝜃𝑥, 𝜃𝑦, 𝜃ℎ, 𝜃𝑔) = ∫|𝐷𝑖𝑛(𝜃𝑥, 𝜃𝑦, 𝜃ℎ , 𝜃𝑔, 𝑟)|
𝑟

𝑑𝑟          (3), 

𝑟 = √𝑓2 + 𝑘𝑥
2 + 𝑘𝑦

2 + 𝑘ℎ
2 + 𝑘𝑔

2,  𝜃𝑖 = 𝑡𝑎𝑛−1
𝑘𝑖

𝑓
,  𝑖 = 𝑥, 𝑦, ℎ, 𝑔   (4) . 

 
Making use of the fact that any linear event in the time-space domain is a radial spectral ‘beam’ 
in the frequency-wavenumber domain, this method adds one extra angular dimension to the 
conventional 5D MWNI by linking spectral information across all frequency-wavenumbers, which 
is essential to the de-aliasing of dipping data, but missing from conventional 5D MWNI.  In doing 

so, 5D MWNI becomes 6D AwMWNI.   In practice, kx and ky of gamma   in equation (2) describe 

the structure dips which are essential to 6D, while kh and kg of   describe the data residual or 

linear move-out whose improvements are a diminishing return.   Dropping the kh , kg terms 

improves speed. 

 

Examples 

In previous papers of Ng and Negut (2015, 2017), the effectiveness of 6D has been demonstrated 
in the most difficult situation of upsampling a spatially aliased complex structural data set for which 
traces are regularly missing.  Here we examine which are the main determinants for the success 
of 6D interpolation in data recovery – the MWNI engine, or the Aw, or both. 
 
Input data:   
 
The data set is obtained from our previous papers (2015, 2017).  
Figure 1 (a) shows an inline of a 3D stack of the complete prestack data being the ‘hidden’ control 
reference.  The data is 60-fold and has a trace spacing of 25 m.  A 1 second window is displayed.  
Conflicting diffraction curves with different amplitudes are present on both the left and right sides 
of the figure highlighted by two green circles. 
 
Figure 1 (b) is the stack of input CMP gathers regularly 3:1 decimated in the crossline direction.  
Consequently, only 33% of the original CMP gathers are used, and are treated as input to the 
interpolation test experiments.  The steeply dipping diffraction curves become aliased inside the 
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two red highlighted circles.  In the middle part of the stack, the gently curved diffractions are not 
aliased.   
 
   
 
 

 
 Figure 1(a). An inline of the full complete data stack of all 3D CMP gathers – the control reference. 
The green circles highlight the complex structures and conflicting diffractions. 

 

 
Figure 1 (b). An inline of the stack of input 3:1 decimated CMP gathers.  The red circles highlight where complex data 
aliasing occurs. 
 
Figure 1.  The control reference stack and the 3:1 decimated stack. 
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Experiments:   
 
Three experiments are conducted on 6D AwMWNI by turning on and off the MWNI engine, or 
turning on and off the Aw component to examine the success determinants.  See table 1. 
 

6D AwMWNI MWNI engine Aw Comments 

Experiment 1:  on off Industry 5D 

Experiment 2:  off on Aw (6th D) action only by equ. (1) in this paper. 

Experiment 3:   on on Full 6D (Ng and Negut, 2015, 2017) 

Table 1: Summary of three experiments. 
 
Experiment 1:  6D AwMWNI with its MWNI engine turned on, but Aw component turned off.  This 
combination becomes industry standard 5D in fact.  The results are shown in figures 2a, 3a, and 
4c for its inline, residues and time slice respectively.  Using just the MWNI engine by itself fails in 
most of the challenging parts of the data, except in the non-aliased less structural areas. 
 
Experiment 2:  6D AwMWNI with its MWNI engine turned off, but Aw component turned on.  This 

combination yields the result of the a priori d0(t,x,y,h,g), the full inverse Fourier transform of 

equation (1).  The results are shown in figures 2b, 3b, and 4d for its inline, residues and time slice 
respectively.  The unexpected finding is that using just the Aw part by itself achieves the majority 
of the best results obtained in experiment 3, and this finding is the essence of this paper. 
 
Experiment 3:  6D AwMWNI with both MWNI engine and Aw turned on.  This combination is the 
full 6D of Ng and Negut (2015, 2017). The results are shown in figures 2c, 3c, and 4e for its inline, 
residues and time slice respectively.  Using both Aw and MWNI together attains the best results.  
In experiment 3, the MWNI engine further improves the amplitude and phase of the already 
reasonably good Aw only results from experiment 2.   
 
 

 
Figure 2 (a). Experiment 1: Stack of the recovery by 6D with its Aw turned off, i.e. 5D MWNI action only. 
Poor quality recovery of aliased steeply dipping data is shown inside the red circles when compared to the control 
reference in figure 1 (a).  Good quality recovery is shown in the middle section where the data is gentle and not aliased.  
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Figure 2 (b). Experiment 2:  Stack of the recovery by 6D with its MWNI engine turned off, i.e. Aw action only, by equ. 
(1).  It provides a reasonably and surprisingly good quality recovery overall and de-aliases the data inside inside the 
two green circles in particular when compared to the control reference in figure 1 (a), considering that the input data is 
3:1 decimated, so deficient for such recovery. 
 
 

 
Figure 2 (c). Experiment 3:  Stack of the recovery by 6D with both MWNI engine and Aw turned on. 
It provides the best quality recovery overall, and particularly at the green highlighted circles, among other experiments. 

 
Figure 2.  The recovery stacks from the three experiments. 
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(a) Experiment 1: High residuals of 5D           (b) Experiment 2: Moderately low residuals of Aw 

 

 (c) Experiment 3: Low residuals of 6D 

Figure 3.  The recovery stack differences = reference full stack – recovery stacks.  (Note: the stacking interpolation 
distance used is within 160 m, half the line spacing while a smaller distance to stack will further reduce residuals.)      

 

    
(a) The control reference time slice from complete data.   (b) A time slice from the 3:1 decimation from figure 1 (b). 
 

   
(c) Experiment 1: 5D. A time slice showing aliased events.  (d) Experiment 2: Aw. A time slice with de-aliased events. 
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 (e) Experiment 3: 6D. A time slice comparing favorably to (a).   
 
Figure 4.  The time slices from various stacks. 
(a) is the control reference.  
(b) is the 3:1 decimated input time slice.  It is very sparse and ill-posed for interpolation. 
(c) is the time slice from MWNI only recovery, experiment 1.  It gives erroneous results for steeply dipping and aliased 
data when compared to the reference (a). 
(d) is the time slice from Aw only recovery, experiment 2.  It shows events are de-aliased resembling most of the 
characters of the reference (a) as well as the full 6D in (e) except for noise. 
(e) A time slice from the full 6D AwMWNI recovery from experiment 3.  It shows sharp and clear results recovering 
steeply dipping and aliased data when compared to the reference (a).     

 

Conclusions 

After examining under the most difficult situation of upsampling a spatially aliased complex 
structural data set with regularly missing traces, from the three conducted experiments, the 
determining success factors of 6D interpolation have been identified:  1. Using just the MWNI 
engine by itself fails in most of the challenging parts of the data that is aliased.  2. The surprise 
finding is that using just the Aw part by itself achieves the majority of the best result.  Aw plays a 
key role in setting a good outlook of the a priori, a good estimate to the final solution.  3. Certainly, 
using both Aw and MWNI together in full 6D AwMWNI interpolation attains the best result.  
The moral of the story: “If you have a good guess of the answer from the start, you will get a better 
answer in the end.” 
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