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Summary
We introduce and analyze implicit full waveform inversion (IFWI), which uses a neural network to
generate velocity models and perform full waveform inversion. IFWI has two main parts: a neural
network that generates velocity models, and a recurrent neural network FWI to perform the
inversion. IFWI is distinct from conventional waveform inversion in two key ways. First, it does not
require an initial model as does conventional FWI. Instead, it requires general information about
the target area, for instance means and standard deviations of medium properties in the target
area, or alternatively well-log information in the target area. Second, within IFWI, we update the
weights in the neural network, unlike in the conventional FWI, which updates the velocity model
directly. The neural network we use to generate velocity models is a fully connected set of
sinusoidal activation layers, which has been shown to outperform Relu and tanh because of its
ability to learn high-order spatial derivatives. Through numerical tests, we demonstrate that, by
controlling the random initialization of the weights in the network and the scale of the velocity the
network generated, the IFWI can in principle build accurate models in the absence of an initial
model. In practice IFWI itself may be a useful tool for building initial models for conventional or
high-frequency FWI.

Theory
Full waveform inversion (FWI) is an optimization based inverse procedure with the capacity to
produce high-resolution velocity models and subsurface images (Virieux and Operto, 2009).
Although very promising as a technology for exploration and monitoring, practical FWI still faces
several key challenges. On land, adequate near-surface models typically require elastic or
viscoelastic propagation models to be considered, and within these, accurately-determined
shallow heterogeneities (Teodor et al., 2021). However, in multi-parameter inversion, different
sensitivities across parameter classes cause crosstalk in reconstructed models (e.g., Keating and
Innanen, 2020, 2019). Even in single-parameter problems challenges arise. The commonly used
l2 norm objective function typically contains many local minima, requiring either very accurate
initial models or high-fidelity broadband data (Lailly and Bednar, 1983; Tarantola, 1984; Tromp et
al., 2005; Plessix, 2006; Virieux and Operto, 2009).
In this report, we set up what we call an implicit full waveform inversion (IFWI) inversion method.
This involves combining a coordinate abased MLP network, activated with sinusoidal activation
functions, with a recurrent neural network FWI. The IFWI set up like these proceeds in the manner
of a waveform inversion but does not require an explicit initial model to begin. The MLP takes in
the spatial positions of the grid cells associated with the model we wish to reconstruct as
coordinate information, and, through judicious initialization of the weights and some degree of
prior model information, generates a range of velocity models with expected statistical properties.
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These velocity models are then sent to the RNN and through its data are simulated. The residual
between the observed and simulated data are then sent back to the MLP, through the RNN, and
updating occurs. The key is that the iterative procedure involves updating the weights of the MLP,
which in turn produces the suite of velocity models based on these, as opposed to updating the
velocity model explicitly.

FIG1: FWI work flow. The position information for each pixel of the velocity model is sent into a
fully connected neural network. The fully-connected network (FN) is used to generate the velocity
models. The velocity models generated with the FN are sent into a theory-guided recurrent neural
network to generate synthetic data. The misfit between the synthetic data and the observed data
would be calculated according to a certain norm. If the residual does not meet the convergence
condition, then the back-propagation of the residual would start and propagate through the
recurrent neural network to the weights in the FN. We will update the weights in the FN and start
another iteration.
The inversion procedure is driven by the idea of “implicit FWI'', or IFWI, wherein what is solved
for are weights in a network that more and more effectively produces realizations of velocity
models. This distinguishes it from conventional FWI, in which the velocity model parameters are
solved for explicitly. IFWI consists of two parts. The first part is a fully connected neural network
with sinusoidal activation functions. The input of the network is the coordinate information of the
model informing the size of the model we aim to generate. Thus, this is actually a coordinatebased multilayer perceptron (MLP). The output would be the velocity model, which would be sent
to the second part of the network. The second part of IFWI, is an RNN forward modeling method.
After the forward modeling, the residuals between the synthetic data and the observed data would
be calculated. The update would be performed on the weights in the network, unlike the velocity
model like the conventional FWI. Thus, we are actually training a fully connected network that can
generate velocity models with a very complex objective function. Since in the network objective
function, we use the wave equation to project the velocity model from model space to the seismic
data space and calculate the norm of the residuals there.
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FIG2: True models. (a) True VP models. (b)True VS model. (c) True density model. The green
triangles are the receiver positions. The green lines are the well log positions. The well logs are
used to obtain the statistic properties of the target area and they are also used to generate the
seismic records.

FIG3: Elastic IFW inversion results using well log 1. Figure (a)-(e) shows the inversion results of
the VP model at 1, 100, 300, 500, 1000 and 2000 epochs. The second and the third row shows
the inversion results for VS and density.
Next, we will use the IFWI to perform the elastic full waveform inversion. The neural network is a
four-layers fully connected neural network with sin activation function that takes in the grid
coordinate information in the x and z direction as input, and the outputs of the network are the
velocity models that would be sent to the RNN to perform forward modeling obtaining the synthetic
data. The residual between the observed data and the synthetic data is calculated with the l2
norm. The residual would be sent back to the fully connected neural networks through the RNN,
to update the weights in the fully connected network. Thus, in this inversion test, we update the
weights in the neural network, not the velocity models generated with networks. The 2D VP model
is obtained through the 3D Overthrust model, and the VS and density models are calculated
through scaling the true VP model. The size of elastic models is 125 × 125, and we use dx = dz
= 20m as the grad length of the model. The wavelet is Ricker’s directional wavelet with the main
frequency of 15Hz. The maximum receiving time is 2.6 seconds, with the dt = 0.002. We use the
staggered grid stress velocity finite difference method with 10 layers of PML boundaries to
calculate the synthetic data. The maximum iteration time is 2000 times.
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Figure 3 shows inversion results with the surface acquisition and well log 1. The interval of shots
in the well is z=30m grid points which means that every 600m in the well we have a shot. The
subfigures in Figure 3, from left to right, in columns, are the inversion results at 1, 100, 300, 500,
and 2000 iteration, and from top to bottom, in rows, are VP, VS, and density. We can see that
after 100 iterations, the network could actually generate the general background of the model.
After 500 iterations, we can see some geological-meaningful structures at 1km depth in the
models generated with the network. The areas that are near the source, areas around the well
log and the surface, tends to have more update than other areas. After 1000 iterations, more
details are added to the velocity models. After 2000 iterations, we general structure of the deeper
part of the model have been recovered. From the comparisons between the final prediction of the
IFWI, we can see that in IFWI we can recover the general structure of the investigation area with
only one well log information.

FIG4: Vertical profile of the IFWI surface acquisition results for VP, VS and density at 1, 100, 500,
1000, and 2000 iterations respectively using well log 2. (a)-(c) are the VP, VS and density vertical
profile at 200m of the model respectively. (d)-(f) are the VP, VS and density vertical profile at
600m of the model respectively. (g)-(i) are the VP, VS and density vertical profile at 900m of the
model respectively. (j)-(l) are the VP, VS and density vertical profile at 1200m of the model
respectively.
All our inversion tests are calculated with GPU provided by ARC Cluster in the University of
Calgary with Nvidia Tesla V100 (16GB). In the well log acquisition test, we use 4 shots on the
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surface and 4 shots in the well, also with a maximum receiving time 4s with 2000-time steps. It
uses approximately 87%, 13.92G, of the total RAM. And it takes 5 hours, 23 minutes and 47
seconds to finish 1800 iterations.

Conclusions
In this study, we introduce the implicit FWI to perform inversion without using an explicit initial
model. The stricture of the network consists of two parts. The first part is a coordinated-based
MLP with the sinusoidal activation function. And the second part is an RNN based neural network
forward modeling method. The velocity model generated with the MLP would be sent into the
RNN for obtaining the synthetic data, and the residuals between the observed data and the
synthetic data would be sent back to the MLP, through the RNN, to update the weights in the
MLP. The analysis of the training for MLP indicates that the components of the target function
that correspond to kernel eigenvectors with larger eigenvalues will decay faster compared with
components with smaller eigenvalue. This means that the components loss function's
eigenvectors with larger eigenvalues will be learned faster. This explains why the training with
MLP a good ability to provide general information in the velocity model for inversion. The
Numerical test section shows how the velocity model generated with the MLP evolves throughout
iterations. The Computational cost section shows that IFW method is a computational affordable
inversion method.
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