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Summary

Five-dimensional seismic reconstruction can be characterized as a tensor completion problem. This
problem involves reconstructing a low-rank tensor from a partially observed tensor. There are two
powerful tensor networks that are capable of solving this problem: tensor train (TT) decomposition
and tensor ring (TR) decomposition. As a practical matter, updating core tensors generates high
computational costs. Different from explicitly updating core tensors, we propose two effective meth-
ods for exploiting low TT-rank and low TR-rank structures by employing different matrix unfoldings.
Particularly, the former employs a well-balanced matricization scheme, while the latter utilizes a cir-
cular tensor unfolding. Additionally, we utilize randomized parallel matrix factorization to expedite
the solution of these problems. The proposed algorithm has successfully achieved remarkable re-
construction performance on both synthetic and real data; in addition, the computational cost of this
algorithm has been diminished significantly.

Introduction

Seismic reconstruction problem often assumes that complete data is low-rank, and an increase in
missing traces and noise results in a higher rank. Seismic data are high-dimensional, which is con-
sistent with the nature of tensors. Therefore, tensor-based reconstruction methods have attracted
more attention in recent years (Kreimer and Sacchi, 2012; Da Silva and Herrmann, 2015; Ely et al.,
2015). Specially, the parallel matrix factorization (PMF) algorithm and parallel square matrix factor-
ization (PSMF) is proposed to reconstruct a low-rank tensor structure from undersampled seismic
data (Gao et al., 2015, 2017). They apply matrix factorizations to the different tensor unfoldings,
thereby avoiding SVD calculations, reducing computational complexity dramatically.

As one typical tensor network-based tensor decompositions, the tensor train (TT) decomposition
(Oseledets, 2011) has been intensively investigated recently in numerous tasks due to its high data
compression ability and computational efficiency (Ko et al., 2020; Xie et al., 2020; Zhang et al., 2021).
Tensor ring (TR) decomposition, which is a generalization of the TT decomposition, breaks down a
tensor into a number of cyclically contracted 3-order tensors (Zhao et al., 2016). Besides the domi-
nant properties of TT, TR has enhanced compressibility and flexible cores that are circularly shiftable,
thus providing promising potential for seismic reconstruction. However, despite the existence of nu-
merous optimization algorithms(Oseledets, 2011; Wang et al., 2017; Yuan et al., 2017), explicit TT
and TR decompositions are still intractable for large-scale applications due to the high computational
cost. Tensor completion assumes, as stated previously, that TT and TR tensors are low-rank, re-
gardless of whether they are explicitly expressed. Due to this fact, we implicitly exploit the low-rank
structure by minimizing the TT or TR rank. In other words, parallel low-rank matrix factorization is
adopted to reduce the computational cost in estimating missing entries.

In this abstract, two tensor completion methods are presented based on TT rank and TR rank min-
imization. TT rank and TR rank have a remarkable capacity for characterizing the correlations be-
tween different modes in higher-order tensors. TT and TR rank each apply different balanced un-
folding schemes to the tensor to achieve this purpose. Through parallel matrix factorization, low TT
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rank completion is achieved with high efficiency. Moreover, a randomized algorithm known as /tex-
titsketching is further applied to speed up the proposed method. Our synthetic and field experiments
demonstrate that the proposed algorithm can significantly accelerate the process of 5D seismic re-
construction and achieve excellent results.

Theory

Complete data acquired from an ideal survey can be regarded as a low-rank tensor Z, and the
mathematical relationship that exists between Z and the observed data Dobs can be formulated as
follows:

P~Z =Dobs , (1)

where ’~’ represents the Hadamard (elementwise) product and P indicates a sampling operator in
which every entry complies

pi1i2i4i3 =

{
0 if di1i2i3i4 is a missing entry ,
1 if di1i2i3i4 is an observed entry .

(2)

The problem of recovering the missing entries of Dobs can be addressed via the TT rank minimization
algorithm (PMF-TT)

min
Z

L

∑
n=1

rank(Z[n])+
µ

2
‖P ◦Z−Dobs‖2

F , (3)

where L = N− 1 because this unfolding approach generates N− 1 matrices. Following PMF in Gao
et al. (2015), we employ the block coordinate descent method to iteratively update different blocks of
variables as follows:

Update of X and Y. The minimization subproblem with reference to X and Y can be calculated by

min
X

1
2

N−1

∑
n=1
‖XnYk

n−Zk
[n]‖

2
F , (4a)

min
Y

1
2

N−1

∑
n=1
‖Xk+1

n Yn−Zk
[n]‖

2
F , (4b)

For each Xn and Yn (n = 1, · · · ,N− 1), the optimization problem (4) can be solved by applying the
following formula:

Xk+1
n = Zk

[n](Y
k
n)

H , (5a)

Yk+1
n = ((Xk+1

n )HXk+1
n )†(Xk+1

n )HZk
[n], (5b)

where † symbolizes the Moore-Penrose pseudoinverse.

Update of Z. Computing tensor Z is related to addressing the following optimization subproblem

min
Z

1
2

N−1

∑
n=1
‖Xk+1

n Yk+1
n −Z[n]‖2

F +
µ

2
‖P ◦Z−Dobs‖2

F . (6)

By taking the partial derivative of X in (6), the optimal closed-form solution of this subproblem can
be obtained by

Zk+1 = (I−αP)◦C+αDobs , (7)

with the parameter α specified by

α =
µ

N−1+µ
, (8)
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Figure 1: (a) Slice view of noisy synthetic complete 5D data. (b) Decimated data with a missing rate
of 90%.

where the 4th-order tensor C is determined by

C =
1

N−1

N−1

∑
n=1

fold[n](Xk+1
n Yk+1

n ) . (9)

Similarly, we can replace TT rank with TR rank, and reformulate PMF-TR model as

min
Z

L

∑
n=1

rank(Z{n,l})+
µ

2
‖P ◦Z−Dobs‖2

F . (10)

We adopt the random sketching technique to reduce the running time of the PMF-based methods. In
the case of original PMF, the subproblem regarding solving X can be reformulated as the following
equation after applying a sketching technique:

min
X

1
2

N−1

∑
n=1
‖Xnsketch(Yk

n)− sketch(Zk
(n))‖

2
F , (11)

where the updating of X can be equivalently solved by a random least-squares problem. Due to the
substantial reduction in the size of the new least-squares subproblem, the computational complexity
of updating the factor matrix also decreases significantly. This new technique is referred to as PMF-
sketch. Similarly, we can also apply the sketching method to other PMF-based methods and obtain
PMF-TT-sketch, PSMF-sketch, PMF-TR-sketch, and PMF-TRH-sketch (PMF-TRH means the mode
number is half of PMF-TR).

Data Example

We first generate a 5D noise-noisy seismic dataset to evaluate the computational efficiency and data
reconstruction quality of the abovementioned approaches. As depicted in Fig. 1(a), there are four
curved events in this dataset, of which the size is 256×20×20×10×10, comprising 20 traces in each
common midpoint (CMP) dimension, 10 traces in each offset dimension, and 256 time samples for
each trace.Randomly removing 90% of the total traces from noisy data results in noisy and incomplete
data, as shown in Fig. 1(b). The reconstruction results are shown in Fig. 2. Our proposed methods
can more accurately recover seismic data. In addition, we can observe that sketching is helpful in
reducing reconstruction errors.

Further, we test the reliability of PMF-based reconstruction methods using a land data set acquired in
Canada. We examine CMP y slices of the 5D volume with fixed offset (bin 6 and 2000 m) and azimuth
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Figure 2: Recover the noisy data with 90% missing using (a) PMF, (b) PMF-sketch, (c) PMF-TT, (d)
PMF-TT-sketch, (e) PSMF, (f) PSMF-sketch, and (g) PMF-TR-sketch. (h)-(n) Corresponding recon-
struction errors between (a)-(g) and complete data in Fig. 1(a), respectively. The data correspond to
one slice of a 5D volume.

(bin 4 and −45◦) prior to reconstruction, as presented in Fig. 3(a). A large gap in the incomplete
observation complicates the reconstruction. Figure 3(b) provides the results obtained by the PMF-
TR-sketch method. It is clear that most of the missing data is accurately reconstructed, resulting in
a much more coherent spatial representation of the seismic waveforms. Moreover, this technique
succeeds in reconstructing the aforementioned big gap.

Conclusion

This paper proposes seismic reconstruction methods based on the TT and TR ranks. Both PMF-TT
and PMF-TR can accurately reconstruct 5D seismic data, as demonstrated by the synthetic experi-
ments. Moreover, the randomized sketching technique is beneficial for all PMF-based approaches.
Then, we evaluate the performance of the most efficient method, PMF-TRH-sketch, on a real dataset.
The field data results indicate that PMF-TRH-sketch preserves missing traces and significantly im-
proves both prestack and poststack data quality.
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Figure 3: Slice view of CMP y gather results (a) before and (b) after the reconstruction of the field
data by assigning offset bin = 6 and azimuth bin = 4.
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