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Summary

This work deals with the interpolation of seismic data in the discrete cosine transform (DCT) domain. Interpo-
lation is a necessary step before applying pre-stack migration. In the past, the geophysics community focused
on developing interpolation techniques by exploring the simplicity of the signals in the Fourier domain. For
example, for a single linear event, the Hankel matrix built for each frequency realization has a rank equal to
one. However, the missing traces increase the rank of the Hankel matrix. Hence, by reducing the rank of the
Hankel matrices, we can reconstruct the missing traces. This method has been extensively used in industry;
however, rank-based reconstruction suffers from the computational costs of calculating the singular value de-
compositions (SVD) of matrices for rank reduction. Moreover, it is difficult to fine-tune the correct rank for each
dataset and each patch. To alleviate these issues, we introduce a sparsity-based reconstruction method in the
DCT domain. The missing traces, regardless of the geometry of the events (e.g., linear or hyperbolic), appear
in the 2D discrete cosine transform domain as background noise. We therefore design an optimization method
and solve for a model that reduces this noise from the DCT coefficients by promoting sparsity. Accordingly, our
proposed method is SVD-free and does not require knowledge of the appropriate rank of the Hankel matrices.

Introduction

Seismic data acquisition often suffers from missing traces due to acquisition environment constraints and eco-
nomic limitations. In the data acquisition phase, the seismic data is always irregularly distributed along spatial
directions (Ma, 2013). These gaps can significantly impact later seismic processing, including inversion and mi-
gration. Many interpolation methods have been proposed to restore the missing traces. The frequency-space
(f-x) domain methods comprise a large group of seismic data interpolation and denoising methods. The seismic
data are transformed from the time-space (t-x) domain to the f-x domain by applying a Fourier transform along
the time axis (Spitz, 1991; Naghizadeh and Sacchi, 2010). These methods are easy to use and have drawn
attention in industry. Spitz (1991) proposes an interpolation in the f-k domain, Gliinay (2003) uses a low-
frequency derived mask function to interpolate data. Later f-k domain interpolation has rapidly developed (Liu
and Sacchi, 2004; Zwartjes and Sacchi, 2007; Naghizadeh and Sacchi, 2010; Gao et al., 2010; Hennenfent
et al., 2010; Curry, 2010; Gan et al., 2015). Moreover, minimum weighted norm interpolation (MWNI) (Liu
and Sacchi, 2004; Trad, 2009), antileakage Fourier transform (ALFT) (Xu et al., 2005), and multicomponent
matching pursuit algorithms (Ozbek et al., 2010) are applied in the f-x domain.

The Projection Onto the Convex Set (POCS) algorithm first proposed by Abma and Kabir (2006) works also in
the transformation domain such as the Fourier transform method. This method is performed by re-inserting the
original data back into the reconstructed section and, since the projection is convex, the algorithm is easy to
use. The method has been used by several authors in the geophysics community to apply interpolation to seis-
mic data (Gao et al., 2010; Gan et al., 2015; Stein et al., 2010; Yang et al., 2012; Park et al., 2020; Chen et al.,
2023). Irregular sampling and missing traces decrease the sparsity of data representation in the transformed
domain. What the POCS algorithm iteratively does is compute multidimensional Fourier transforms, apply a
threshold in the f-k domain, and transform the thresholded data back into the t-x domain, and the original traces
are reinserted into the updated data, continuing the iterations until satisfactory convergence (Park et al., 2020).
In seismic data, for a single linear event, the Hankel matrix built for each frequency realization has a rank equal
to one. However, the missing traces increase the rank of the Hankel matrix. Hence, by reducing the rank of the
Hankel matrices, missing traces can also be reconstructed (Naghizadeh and Sacchi, 2008; Trickett et al., 2013;
Naghizadeh, 2012; Ma, 2013; Gao et al., 2013; Manenti and Sacchi, 2022). This method has been extensively
used in industry; however, rank-based reconstruction suffers from the computational costs of calculating the
singular value decompositions (SVD) of matrices for rank reduction Kreimer and Sacchi (2012). Moreover, it is



difficult to fine-tune the correct rank for each dataset and each patch.

To alleviate these issues, we propose a workflow to perform data reconstruction in the 2D Discrete Cosine
Transform (2D-DCT) domain. Our method uses sparsity to attenuate noise in the DCT domain based on “, 1
norm minimization and plugs the POCS step into the algorithm to re-insert the original data to further update
the solution. Our method does not require the computation of SVD and rank-reduction of Hankel matrices, and
it has no linearity assumption for seismic events. Hence, we do not need to window the data and define an

adaptive rank selection approach to interpolate the data.
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Figure 1 Performance of the proposed method on reconstructing noise free data with 30% missing
fraces. a)-c) are the ideal, decimated, and reconstructed data. d)-f) are the 2D-DCT coefficients of

a)-c), respectively.

Theory

Seismic data is dependent on time and spatial coordinates and can be written as d = d(t;x), where d is the
recorded data, t is time, and x stands for spatial direction. For successful subsurface imaging and other seismic
processing methods, we need to have a high temporal and spatial sampling frequency. However, due to cost,
logistics, and environmental constraints in the field, the spatial sampling is not ideal and the data suffers from
missing traces. Missing traces can also occur during the processing steps when the signal-to-noise ratio of the
trace is low (e.g., coupling issues or strong seismic noise). Hence, the data is far from ideal. In mathematical
notations, we can write these data imperfections as the application of a sampling operator S to the ideal data:

(1)

where dgps is the recorded imperfect data with missing traces. In this work, we show that the randomly missing
traces can manifest themselves as random background noise in the 2D-DCT domain. Hence, we propose an
‘2“1 minimization method to attenuate the missing information noise and promote sparsity of the coefficients
in the DCT domain.
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h = argminkSAmM  dgpsk3 + I kmky;
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where A is the inverse 2D-DCT transform operator. Equation (2) can be solved by any “, “; solvers. Here
we use FISTA-type solvers to define the DCT coefficients. The algorithm uses the gradient-based update and
hard thresholding to iteratively define the solution. Taking b as the step size of the gradient descent method,
we first update the solution as follows:

m=m" 1 bATST(SAM* ! dop); (3)
where k is the iteration number. Then we apply hard thresholding to promote sparsity in the solution:
mK =max(jm*j t;0) sign(m*); (4)

where t is the thresholding parameter. The final step of the algorithm is the inclusion of a POCS-type update
to re-insert the original data to further update the solution. To do so, we apply a POCS update rule:

d“=adgps+ (1 aSA)m¥; (5)

where a is the de-noising parameter. The output of the algorithm at the k' iteration is the reconstructed data dX.
We use an alternating method between two steps: 1) updating the DCT coefficients with gradient thresholding
(e.g., Equations (3) and (4)), and 2) the POCS step to further de-noise the data and update the solution in
the data domain (e.g., Equation (5)). In the next section, we examine the efficiency of the proposed method in
noise suppression and interpolation using synthetic and real data examples.
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Figure 2 Performance of the proposed method for reconstructing noisy data with 30% missing traces.
a)-b) are the decimated and reconstructed data. c)-d) are the 2D-DCT coefficients of a)-b), respec-
tively.

Examples

To test the performance of the proposed algorithm, we first applied the 2D-DCT interpolation to synthetic
linear events with noise-free signals and signal-to-noise ratio (SNR) of 4. Later, we applied the algorithm to
real seismic datasets. Figure 1 shows the ideal data without missing traces and the data with 30% randomly
missing traces. The 2D-DCT coefficients show the effect of missing traces on the DCT representation of the
data. In Figure 1, we can see that the differences are similar to background random noise in the DCT domain.
To reconstruct the data, we apply our proposed algorithm to noise-free data with t = 0:04 and a = 0:95. For all
the examples, we keep the gradient step size as b =0:001. The reconstruction result is shown in Figure 1¢ and
its DCT coefficients in Figure 1f. The method successfully reconstructed the data and attenuated the missing
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Figure 3 Performance of the proposed method for reconstructing Alaska land data with 40% missing
fraces. a)-b) are the decimated and reconstructed data.

noise in the DCT coefficients. Later, we added band-pass random noise with a SNR of 4 to the data. Figure
2 represents the noisy data with missing traces and its DCT coefficients. In the case of noisy data, we use
t = 0:075 and a = 0:85. Figure 2b shows the reconstructed data. Our proposed method could reconstruct the
data and attenuate the random noise present in the data. To demonstrate the performance of the algorithm we
used linear events; however, our algorithm does not assume linearity of the data. In fact, the method performs
better, when we apply the data as a whole without applying patching and unpatching. In other words, including
more information in the inversion improves the efficiency of the proposed algorithm. Finally, we applied the
algorithm to the Alaska land dataset. We randomly removed 40% of the traces and applied the method with
t =0:15and a =0:90. Figure 3 shows the data before and after applying our proposed interpolation method. In
the real data, after interpolation, the algorithm recovered the structured events, and reconstruction amplitudes
on missing traces are well recovered. The algorithm has yet to be tested on data with aliasing and regularly
missing traces.

Conclusions

We developed a workflow to reconstruct missing traces by denoising the data in the DCT domain, as missing
traces lead to a reduction in sparsity in the transform domain and manifest themselves as background noise.
We proposed an alternating sparsity-promoting algorithm plugged with the POCS update rule. This method
shows acceptable results up to 40% missing traces in the case of two-dimensional data. The workflow is
validated on synthetic data by noise-free and noisy linear events and then applied to field seismic data. This
method is efficient and scalable to higher dimensional reconstruction. The proposed algorithm does not require
SVD calculations and does not assume linearity in the seismic data. The algorithm can be applied without the
need for patching and unpatching. For example, it is possible to apply the method on common offset gathers.
However, two inversion parameters must be tuned. Further tests on data with different percentages of missing
data, noise levels, and structures are necessary to realize the full potential of our proposed method.



