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Summary

This study presents an angle-domain least-squares migration (LSM) method through the computation
of an analytical angle-domain Hessian. We explicitly compute the angle-domain Hessian matrix using
the angle-domain Kirchhoff migration and invert it using the inversion technique. The total variation
(TV) regularization along the spatial direction and a smoothness constraint along the angle direction
are incorporated to suppress migration artifacts. Through numerical experiments with synthetic data,
we test the effectiveness of the proposed method and highlight two key benefits. The proposed LSM
method can efficiently and effectively recover the high-resolution and high-fidelity angle domain com-
mon image-gathers (ADCIGs) in the case of inhomogeneous velocity. It demonstrates the capability
to interpolate ADCIGs of sparse recorded data while maintaining reliable amplitude fidelity.

Introduction

Recovering a high-fidelity and high-resolution image of the subsurface reflectors by seismic migra-
tion is an indispensable step in seismic exploration. Least-squares migration (LSM), which formulates
seismic imaging as a linear inverse problem, has recently become the tool of choice to image complex
subsurface targets. LSM can be implemented with different migration engines: Kirchhoff migration
(Schuster, 1993), one-way wave-equation migration (Wang and Sacchi, 2007), and reverse time mi-
gration (Chen and Sacchi, 2020). This linear inverse problem can be formulated in the data-domain
(Schuster, 1993; Wang and Sacchi, 2007) or image-domain (Valenciano et al., 2006; Zhang et al.,
2024a, 2025).

Currently, the image-domain LSM methods focus on inverting for the angle-independent reflectivity
image or velocity perturbation, with less attention given to the angle-dependent reflectivity image or
angle-domain common-image gathers (ADCIGs) (Biondi and Symes, 2004; Wang and Sacchi, 2007;
Zhang et al., 2024a,b). This study presents an angle-domain LSM method through the analytical
computation of the angle-domain Hessian to reconstruct high-resolution and high-fidelity ADCIGs
from the prestack reflection recordings. This inverse problem is formulated in the image domain
with the help of an explicit angle-domain Hessian matrix by the wave-equation Kirchhoff migration.
One challenge we often face is that angle-domain LSM inversion is a highly ill-conditioned problem.
Hence, we used an angle-dependent ¢; norm and a total variation regularization to stabilize the
solution to mitigate the angle-dependent wavelet stretching effects and suppress migration artifacts.



Angle-domain LSM

The cost function of angle-domain LSM with the angle-dependent ¢; and TV regularization can be

expressed as
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where rg denotes the contribution of ADCIGs at a given reflection angle 6, Ly denotes the second-
order difference operator along the reflection angle direction of the ADCIGs, and 44 denotes the
regularization parameter. The proposed regularization scheme includes a second-order difference
along the direction of the reflection angle to largely suppress migration artifacts in the migrated AD-
ClGs. The TV regularization term ||r||7y aims to promote spatial smoothness in the inverted image,
which helps preserve the structural continuity of the inverted image while reducing migration artifacts.
The parameter Ary adjusts the strength of the TV regularization term. The norm Z’l“ |rel|, de-
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notes the angle-dependent ¢; regularization term, promoting vertical sparsity in the inverted image,
which helps in improving the vertical resolution of the inverted ADCIGs by mitigating wavelet stretch-
ing. The regularization parameter A, (0) adjusts the strength of the sparsity constraint at the different
reflection angles.

The angle-dependent ¢, regularization extends traditional sparse regularization by incorporating the
angle-dependent regularization parameter. As a comparative method, the objective function with the
standard /; sparse regularization term can be expressed as
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where the deconvolution imaging condltlon can be used to compute the migrated ADCIGs
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where g (6, 06x) denotes a weighting function. The Hessian matrix can be derived from the cascade
operator of forward modelling and migration:

M(x,0,y) = v(x)4v(y)/dw w*F* (a))/dxr/dxs
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In this study, we compute the full-wave Green function using the excitation amplitude and traveltime

full wavefields (Nguyen and McMechan, 2013). When we set y =y, and reshape the Hessian into
the image-space, we obtain the so-called angle-domain imaging resolution function (IRF) M (x, 6,yy).

7 (3)

Results: A Graben model

In this experiment, we use the Graben velocity model. In this model, the absolute values of angle-
dependent reflection coefficients are the same, differing only in polarity. Figure 1 displays the re-
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Figure 1: The ADCIGs for the Graben model from different methods. (a) Angle-domain KM, (b)
angle-domain LSM with the L2 regularization, (c) angle-domain LSM with the L2 and standard L1
regularizations, (d) angle-domain LSM with the L2 and angle-dependent L1 regularizations.
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Figure 2: (a) The residual of the image-matching term in Figure 1c and (b) the residual of the image-
matching term in Figure 1d.
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covered ADCIGs for a Graben model using different methods. We can provide the following in-
sights from the recovered ADCIGs: (1) The angle-domain LSM with the ¢, regularization in Figure
1b, angle-domain LSM with the ¢, and standard ¢, regularizations in Figure 1c, angle-domain LSM
with the ¢, and angle-dependent ¢; regularizations in Figure 1d can improve the quality of ADCIGs
from angle-domain Kirchhoff migration in Figure 1a. The imaging resolution has been improved to
varying degrees for the different methods. The migration artifacts of ADCIGs caused by the lim-
ited recording aperture have been completely suppressed in all the angle-domain LSM methods.
The image-matching residual contains some far-field migration artifacts visible in Figures 2a and 2b.
The migrated ADCIGs from angle-domain Kirchhoff migration exhibit a significant angle-dependent
wavelet stretching effect, especially at large angles. The inversion techniques in angle-domain LSM
can mitigate this effect to some extent. (2) The angle-domain LSM with the ¢, regularization suffers
from the well-known sidelobes artifacts around reflectors in Figure 1b. The oscillation of reflected
events will reduce the vertical resolution of the migrated image. By imposing the standard ¢; regu-
larization, these sidelobes artifacts around reflectors can be largely removed in Figure 1c. (3) The
inversion technique with the standard ¢; regularization can mitigate this angle-dependent wavelet
stretching effect. It can be observed that this stretching effect still exists in the inverted image in Fig-
ure 1c. Especially at large angles, the residual sidelobe artifacts around reflectors are still present.
The high-resolution reflectivity image can be recovered at different reflection angles by imposing the
angle-dependent ¢; regularization proposed in this paper. The wavelet-dependent effects can be
almost completely removed in Figure 1d.

Conclusions

This study presents an angle-domain LSM method through the analytical computation of an angle-
domain Hessian. We explicitly compute the angle-domain Hessian matrix using the angle-domain
Kirchhoff migration and invert it using iterative inversion. We obtained three insights through a syn-
thetic example based on a Graben model. The first is that LSM can compensate for the illumination
effects that distort imaging ADCIGs and recover closer to the true amplitude image. The second one
is that sparse regularization must be applied to LSM to stabilize the inversion solution and suppress
migration noise. The third point is that the angle-dependent ¢; norm needs to be added to remove
the angle-dependent stretching effect in ADCIGs. Similarly, experiments have been conducted for
multi-parameter LSM with encouraging results.
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