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Summary

The Dispersed Source Arrays (DSA) concept offers a practical approach to enhancing seismic illumi-
nation and frequency content by deploying sources with complementary frequency characteristics on
different spatial grids. This work examines how DSA-based acquisition influences the stability, con-
vergence, and efficiency of full-waveform inversion (FWI) by explicitly linking the FWI gradient to the
underlying acquisition parameters. Conventional acquisition lacks the multiscale information required
for reliable multi-stage inversion. In contrast, DSA strategies span a broader range of wavenumbers,
relaxing the requirement for a close initial model and enabling the recovery of both long- and short-
wavelength components. To evaluate the impact of DSA-based acquisition on FWI performance, a
standard multi-stage (MS) and a multi-stage DSA inversion workflow (MS-DSA) are compared. The
numerical examples demonstrate that DSA-based strategies improve convergence behaviour, en-
hance the reconstruction of long- and mid-wavelength model components, and reduce computational
cost. These results indicate that effective multi-stage FWI requires genuinely multiscale acquisition
and that optimized DSA configurations provide a physically grounded path toward more stable and
reliable inversion.

Introduction

Full-waveform inversion is a technique capable of generating high-resolution estimates of subsurface
properties (e.g., P-wave and S-wave velocities, density) (Tarantola, 1984). The algorithm iteratively
reduces the misfit between the observed and simulated waveforms by updating the model parame-
ters that describe the subsurface. However, the non-linear dependence of the wavefields on model
parameters and the squared least-squares misfit make the traditional FWI objective non-convex. The
non-convexity of the least-squares FWI objective translates into the phenomenon of cycle skipping.
When the predicted and observed waveforms differ by more than half a wavelength, the phases are
misaligned, and the waveform difference enforced by the least-square misfit subtracts unintended
portions of the observed and simulated data (Virieux and Operto, 2009). To mitigate these issues,
many authors have proposed approaches that rely on alternative measures of the misfit distance
and reformulations of the inverse problem. These approaches are commonly referred to as modified
objective functions and extended inversion methods (Pladys et al., 2021; Operto et al., 2023). Mod-
ified objectives replace the traditional least-squares objective with a metric less sensitive to phase
errors or amplitude inaccuracies (Luo and Schuster, 1991; Pladys et al., 2021). The extended inver-
sion methods address non-convexity by increasing the degrees of freedom in the forward problem,
allowing the inversion to "explain" data mismatches before gradually enforcing physical consistency
(Symes, 2008; Operto et al., 2023). The techniques introduce additional degrees of freedom through
subsurface offsets, time lags, or other extension variables such as sources. These methods are
computationally intensive and can become unstable when the data contain complex wave phenom-
ena such as multipathing or strong multiples .

A widely used strategy to improve FWI robustness practically is to perform the inversion hierarchi-
cally in a multi-stage manner (Bunks et al., 1995; Pratt, 1999). Large-scale production applications of
FWI still rely on a combination of these hierarchical techniques together with travel-time or reflection-
based tomography to obtain a sufficiently accurate initial model (Lambaré, 2008). Their success
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depends heavily on the quality and bandwidth of the acquired data. Since conventional acquisition
and processing methodologies were designed under the assumptions of traditional imaging work-
flows, they do not provide the low frequencies, apertures and azimuths required for inversion-based
methods such as FWI. As a result, the fundamental bottleneck in FWI is the acquisition itself. In
recent years, different lines of research have focused their efforts on developing new source types
to extend the low end of the spectrum and new acquisition techniques to acquire higher quality data
efficiently (Chelminski et al., 2019; Morgan et al., 2013; Vigh et al., 2023).

Dispersed Source Arrays (DSA) is a new acquisition concept in which arrays of sources releasing en-
ergy at different frequency bands are deployed across distinct spatial grids, replacing the traditional
arrays of broadband sources (Berkhout, 2012). Each narrowband source unit in the array emits en-
ergy at a different dominant frequency, ensuring that the combined spectrum covers the temporal and
spatial bandwidth required for imaging and inversion while offering several technical, environmental,
and economic advantages (Caporal et al., 2018; Acedo and Sacchi, 2025).

In this paper, we investigate whether DSA can enhance the quality of the data and lead to a multi-
stage algorithm for robust FWI. In particular, we demonstrate how the DSA strategies address the
acquisition bottleneck by providing the frequency content and apertures necessary to enhance the
low-wavenumber components of the FWI gradient, thereby mitigating or delaying cycle skipping, while
also enriching the high-wavenumber information required to recover fine-scale features at the target
level.

Multi-scale DSA strategy for FWI

Wu and Toksöz (1987), Sirgue and Pratt (2004), and, more recently, Abdellaziz et al. (2025) provide a
physical interpretation of the gradient as a wavenumber-domain filter, along with a direct connection
to the experimental setup via plane-wave analysis. Under this assumption, the gradient for a source-
receiver pair is approximately

∇mJ(m)≈ exp(i(
2π f
c0

)(ps +pr) ·x) (1)

where the wavenumber content of the approximate gradient is k = k0(ps + pr), where k0 = 2π f
c0

and
ps and pr are the direction of the rays connecting a subsurface diffraction point to the source and
receiver respectively. Following Métivier (2025), the scattering wavenumber relation describes the
components injected into the model through the gradient update as

∥k∥= 2π f
c0

cos
(

θ

2

)
. (2)

Equation 2 relates the wavenumber content of the gradient with the acquisition system via the fre-
quency f and the aperture angle θ , which is the angle between ps and pr and a function of the
source-receiver offset. Using equation 2 for different source-receiver pairs at a given dominant fre-
quency, Figure 1 illustrates how surface geometry and frequency content of the source can potentially
affect reconstruction quality by influencing wavenumber sampling. Panel (a) corresponds to a con-
ventional, OBN-inspired surface acquisition. Panel (b) shows the resulting wavenumber sampling.
Illuminating the target from above samples only positive vertical wavenumbers. Horizontal wavenum-
bers are sampled symmetrically; however, large gaps appear in the low vertical wavenumber region,
resulting in a blind zone. Ideally, a target-oriented FWI acquisition should maximize the area of sam-
pled wavenumbers and distribute the samples as uniformly as possible to improve illumination. Panel
(c) illustrates a DSA deployment using three sources, each positioned on a distinct spatial grid. Each
source-grid matches the Nyquist requirements of its dominant frequency: low-frequency sources
(red) on a coarse grid, mid-frequency sources (blue) on an intermediate grid, and high-frequency
sources (green) on a denser grid. Panel (d) displays the resulting wavenumber sampling for the
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DSA acquisition. The fewer low-frequency sources inject low-wavenumber components to illuminate
deeper targets, allowing the algorithm to avoid cycle skipping. These regions of the wavenumber
space are inaccessible to mid- and high-frequency sources. The mid- and high-frequency source
grids provide denser sampling to enhance recovery of fine-scale features while bridging the mid-
wavenumber gap that is typically missing in conventional surface acquisition. Consequently, DSA
offers a flexible and efficient multi-scale acquisition strategy that delivers broader, denser, and more
balanced wavenumber sampling, potentially mitigating cycle skipping and producing higher-resolution
models.

Figure 1: (a) Conventional, target-oriented OBN acquisition sketch. (b) Wavenumber sampling for
conventional target-oriented acquisition. (c) Target-oriented DSA acquisition sketch. (d) Wavenumber
sampling for target-oriented DSA acquisition.

Results

To evaluate the impact of DSA-based strategies on FWI, a numerical example is designed to assess
inversion performance and robustness to cycle skipping and model mismatch. We compare a conven-
tional multi-stage approach using sequential frequency bands (MS) and a multi-stage workflow based
on DSA with uniformly distributed sources (MS-DSA). All inversions were performed using a nonlin-
ear conjugate gradient (NLCG) method with line search, ensuring consistent optimization across
all acquisition strategies and algorithms. The following experiments investigate how each acquisi-
tion strategy impacts convergence behaviour, reconstruction quality, and computational efficiency
in multi-stage FWI. Figure 2 compares inverted models obtained with MS and MS-DSA algorithms.
Panel (a) displays the thrust belt model after a smooth long-wavelength velocity bias, vertically warp-
ing of interfaces in the deeper part of the model and an elliptical lens shape heterogeneous anomaly
that produces velocity disturbances of up to 5%. Panel (b) shows the initial model, obtained with a
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1200 meter correlation-length Gaussian filter applied to the thrust belt model, but without the pertur-
bations to ensure the inversion remains blind to the mismatch. Panels (c) and (d) display MS and
MS-DSA inversions, respectively. The MS-DSA performs better than MS, mitigating cycle skipping

Figure 2: (a) True velocity model. (b) Initial velocity model, blind to long-wavelength bias, warping of
interfaces and heterogeneous anomaly. (c) MS inversion result. (d) MS-DSA inversion result.

and reproducing band-limited versions of the structures more accurately. Figure 3 presents velocity

Figure 3: (a) Velocity profiles for both algorithms. (b) Wavenumber content of inverted velocity for
both algorithms. (c) Misfit evolution for both algorithms.

profiles extracted at selected locations, the wavenumber content of the recovered profiles, and the
misfit evolution curves for both algorithms. In this example, the MS-DSA algorithm successfully re-
covered both low and high wavenumbers, whereas the MS approach lacked the high wavenumber
components. Panel (c) shows that the MS inversion stagnates early, consistent with cycle skipping,
whereas the MS-DSA algorithm achieved a better and faster misfit reduction.
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Conclusions

This study demonstrates that acquisition plays a central role in determining the stability and effective-
ness of multi-scale FWI. The wavenumber-domain sampling shows that no single broadband source
can populate the full range of wavenumbers required for reliable updates. Dispersed Source Arrays
(DSA) address this bottleneck by injecting a broader range of frequencies and providing diverse il-
lumination angles, thereby improving the reconstruction of the different wavelengths. The numerical
experiments confirm these theoretical expectations by showing that the MS-DSA-based algorithm
achieved the best results at the lowest cost. These findings lead to an alternative workflow that em-
phasizes the need for multi-scale acquisition for multi-stage inversion. Source diversity and optimized
spatial distributions offer a practical approach to enhancing seismic data quality, thereby improving
FWI robustness.
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