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Summary

The Radon transform has been widely used in various areas of seismology. Achieving a fast, high-
resolution transform often requires multiple applications of the forward and adjoint operators, making
the development of computationally efficient algorithms a priority. In particular, the classic imple-
mentation of the parabolic Radon transform in the frequency domain has a computational complexity
of O(N¢NN,). The variant proposed in this paper redefines the kernel in a new domain where its
sparsity is maximized. This approach enables a more efficient transform computation, reducing the
complexity to &'(N¢N,logN;). The reduction represents a significant improvement and streamlines
applications to large datasets. The efficiency of the new transform relies on its ability to return to
its original domain by sampling only the necessary coefficients per frequency slice using the chirp-z
transform. This technique offers computational advantages by rearranging the terms into a convo-
lution form. Additionally, the lack of constraints on spatial sampling makes this method particularly
well-suited for seismic data reconstruction in scenarios with irregular trace coverage. Numerical tests
are conducted to evaluate the performance of the new transform relative to the traditional and other
fast frequency-domain approaches. Examples of multiple attenuation and deblending by denoising
are also presented.

Introduction

Radon transforms are applied widely in seismology. In particular, the linear Radon transform (LRT)
and the parabolic Radon transform (PRT) are both relevant for their relatively low computational cost.
These are commonly referred to as time-invariant Radon transforms because their basis functions
are invariant under time shifts and they can be efficiently implemented in the frequency domain.

The LRT has been applied in several important areas of exploration seismology after its first introduc-
tion in 1917 (Radon, 1917). Some examples are plane-wave decomposition and ground-roll attenua-
tion (Stoffa et al., 1981; Tatham et al., 1983), multiple attenuation via predictive deconvolution (Treitel
et al., 1982), inversion of common-midpoint data (Stoffa et al., 1981), and Rayleigh-wave separation
and group velocity estimation (Luo et al., 2009; Askari and Hejazi, 2015). On the other hand, the PRT
was introduced by Hampson (1986) and has been especially effective for multiple attenuation (Foster
and Mosher, 1992; Herrmann et al., 2000) and offset interpolation (Darche, 1990; Trad et al., 2002).
The PRT is sometimes preferred over the hyperbolic variant since it is less computationally intensive.
Applications of PRT can be effective with time-stretched and moveout-corrected data (Yilmaz, 1989;
Hampson, 1986). More recent applications use variants of linear and parabolic RT to separate erratic
noise from data in the context of deblending by denoising (lbrahim and Sacchi, 2014).

At its core, the Radon transform projects data by summing along specific curves in the time-space
domain and mapping the result into a new space, the Radon domain. Events in this new domain
are compressed and map to different regions than the noise, enabling separation by filtering. In 3D
data, these summations are applied over surfaces rather than curves. For the time-invariant case,



the general form of the transform is given by

t=1+po(x) (1)

where ¢(x) defines the curvature of the summation path. The LRT uses ¢(x) = x, while the PRT
defines ¢(x) = x*. Hyperbolic Radon transforms are also used, employing the relation t = /72 + px2.

As previously mentioned, the key goal of Radon transforms is to compress the event to enable sep-
aration from noise in the Radon domain. However, practical limitations, such as spatial sampling
and the aperture of seismic surveys, lead to a high correlation between Radon basis functions and
a non-orthogonal transform (Gholami and Zand, 2017). Consequently, solvers such as Conjugate
Gradients (CG) are commonly employed to cast the transforms as a damped least-squares problem
(Hampson, 1986; Kostov, 1990; Beylkin, 1987). Moreover, sparse-promoting inversion strategies are
often used to improve the focus of events in the Radon domain, leading to the high-resolution Radon
transform and its variants (Sacchi and Ulrych, 1995).

This report presents an improved implementation of the frequency-domain RT kernel. In our imple-
mentation, the matrix used for each slice is computed in the Fourier domain, where it is sparest,
thereby drastically reducing computational cost (Gholami and Zand, 2017; Gholami and Farshad,
2019). Despite being frequency-dependent, the kernel is initially computed for all frequencies and
then efficiently recovered at each frequency slice using the chirp-z transform Rabiner et al. (1969);
Proakis (2001).

Radon transform

When using the Radon transform, we model the seismic signal u(x,¢) as a superposition of events.
The operator R is typically non-orthogonal, leading to the smearing observed in the low-resolution
adjoint RHu. To overcome this, we seek a sparse solution v that minimizes

min [[Ry — u[+ [} @)

where the ¢; norm encourages a compact representation in the Radon domain. Solving this iteratively
requires multiple applications of both the forward and adjoint operators, thereby necessitating a fast
kernel implementation.

Fast implementation in the frequency domain

The frequency domain allows us to treat each frequency slice independently. Introducing the com-
bined index A; = ky;, we redefine the kernel S, ; as

Snj= e 27AfAp@(x)kY; _y Spj= e 2TAfAp 9(x) A, (3)

Then, for a fixed x,, this kernel is a mono-frequency complex exponential. When we apply a DFT
along the A dimension, the energy becomes highly localized.

By making an order of magnitude comparison, we can discard the imaginary part and work only with
the real part of the Fourier-transformed kernel S,IJ. This yield

Sn,j &

1
(=1) sin(N,thn)cot<n[6,,—l]> , where n = ApAf ¢(x,).
Ny Ny



When analyzing this expression, we can see the high level of sparsity. This is one of the key advan-
tages of the algorithm, as it allows for a fast implementation of the kernel. By applying a threshold,
we can zero out nearly 99% of the matrix without significant loss of information. This changes the
dense matrix-vector multiplication into a sparse operation, drastically reducing the number of complex
multiplications per frequency slice. A primary challenge in this fast formulation is that the frequency &
serves as a scaling factor for sampling the A axis (used for the Fourier transform along the rows of S).
A standard inverse Fourier transform is insufficient because it cannot accommodate the frequency-
dependent spacing required to recover vy ;.

We utilize the identity j, = (12 + j> — (j —)?] to recast the transform as a discrete convolution using
the Bluestein algorithm. This allows us to use the FFT to perform the mapping:

N—1
Vkj = Crj Z Vi b hic j—1.
=0

The implementation relies on three precomputed phase-shift operators (4, b, ¢) and the chirp signal .

N—1

Vit = Crj Z Vi b b j—1.
=0

Algorithmic Implementation and Complexity

The total workflow for the fast adjoint operator R? is summarized as follows:

1. FFT: transform input datau — a .

2. Phase shift: apply precomputed operators - a .

3. Sparse mapping: multiply by sparse kernel S.

4. Perform the FFT-based convolution with chirp signal h and apply weights b, ¢.

5. IFFT: return to time domain.

This leads to the following compact formulation for the adjoint operator:

where h is the Fourier transform of h along the second dimension, associated with the parameter 1.
Considering the adjoint of each operator, the direct Radon transform can be written as:



0 =Db" IFFT[FFT(v-¢&*)-h*] §7-a* (5)

The standard frequency-domain approach scales with & (N;N:N,). The proposed method scales with
O(NyN,logNy), representing an order-of-magnitude improvement.

Results

The performance of the fast transform (forward and adjoint) is tested for a specific frequency slice,
in this case f, = 1Hz, and compared with the classic Radon transform in the frequency domain and
the Toeplitz application presented by Sacchi and Porsani (1999). The algorithms were tested across
different dataset sizes, with equal lengths for the Radon parameter and the offset (N = N, = N,).
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Figure 1: Comparison of the time required to compute the fast Radon transform (in red), the classic
frequency domain application (in black) and the Toeplitz implementation (in green) for the frequency
slice fy =1 Hz.

The times shown in Figure 1 demonstrate the superior efficiency of the presented algorithm. While
the computational cost is lower for smaller problems in the frequency RT, the relationship reverses
after the dataset exceeds approximately 70 samples. For large problems, the difference increases
considerably, especially when compared with the classic Radon transform. For a dataset of 2000
samples, the operation takes 0.8 ms for the fast Radon transform, 38.00 ms for the regular frequency
Radon transform and 390 ms for the classic Radon transform.

The results in Figure 2a-c demonstrate the expected compression of the data in the Radon domain,
where the energy is focused into four distinct peaks, with smearing due to the limited aperture and
sampling. Then, the back projection demonstrates a proper recovery of the signals and noise re-
duction on the background. The signal shows better resolution with iterative solvers, particularly
with FISTA, compared to direct application of the operator. This is consistent with the application of
sparse-promoting iterative algorithms and data misfit reduction. It is important to highlight that these
solvers are applied in each frequency slice; therefore, the compression is not forced along the t-axis.

To demonstrate the effectiveness of the proposed method in signal separation tasks, we applied the
algorithm to a real CMP gather from the Mississippi Canyon, Gulf of Mexico (Figure 3). The original
data (Figure 3a) exhibits strong multiple energy that interferes with the primary reflections. The high-
resolution Radon panel 3, computed using the fast sparse algorithm, successfully distinguishes these
events based on their residual moveout, focusing the energy into distinct, compact clusters. By muting
the coefficients associated with the multiple energy and applying the forward transform, we recover
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Figure 2: Application of the adjoint operator (a), the Conjugate Gradients solver (b) and the FISTA
solver (c) for the projection to the Radon transform and then back-projected to the data domain using
the forward operator (d,e,f).

the estimated primaries (Figure 3c). The result shows significant suppression of the multiples while
preserving the primary signal character, validating the transform’s ability to handle field data with
complex amplitude variations.

Finally, we evaluate the method’s effectiveness in a deblending scenario (Figure 4). The fast Radon
operator is applied to a Common Receiver Gather (CRG) contaminated with blending noise. The
blending factor is f = 2. By enforcing sparsity in the misfit term, the erratic noise is removed, while the
hyperbolic events are modelled using the Radon operator. The reconstructed 'Predicted CRG’ (Figure
4b) shows clean signal continuity, while the ’Difference’ panel (Figure 4c) confirms that the removed
energy consists almost exclusively of incoherent interference, demonstrating the algorithm’s suitability
for large-scale deblending tasks. Denoising was applied using 3 windows, each divided along the
offset axis. The border windows used a linear fast Radon transform, and the one in the middle
applied the parabolic form with apex shift. The result was obtained using a Conjugate Gradients
solver within an IRLS scheme, updating the weights to minimize the misfit at each iteration.
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Figure 3: CMP gather from the Gulf of Mexico (Mississippi Canyon dataset). b) Radon panel obtained
from the high-resolution Fast parabolic Radon transform. c¢) The estimated primaries with multiple

mitigated.
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Figure 4: a) Noisy CRG. b) Deblended CRG. c) The difference panel (a-b).
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